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Abstract: The parallelism between natural processes and mathematics has always been an 

astonishing fact whose foundation resists understanding. The contributions of Kleene, Gödel 

and Church have made it possible to understand the limits of mathematics from a formal point 

of view. On the other hand, the concepts developed by Turing, Shannon and Kolmogorov have 

placed the information process in a preeminent place within mathematics, as they are the 

development of computer theory and information theory. From these concepts and the ability 

of mathematics to describe reality, it is possible to propose the hypothesis that reality and 

information are the same entity, which leads to a scenario very similar to that posed by the 

Church-Turing thesis, so that the resulting thesis can be accepted as valid, although this would 

be an undecidable problem. As a consequence, this thesis should contribute to the 

understanding of the natural processes that for the most part escape the perceptive capacities 

of humans.  
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Information: A brief historical overview  

In a very general review [1] the possible nexus between reality and information has been 

analyzed, so that from the information emerging from natural processes abstract models of 

the behavior of reality in all areas of knowledge can be established. Until the twentieth century 

the formal description of systems was almost exclusively limited to physics. In such a way, the 

definition of natural laws based on a mathematical definition allowed to model such systems. 

And it is here that the surprising fact of how mathematics, something abstract intimately 

linked to the human intellect, was closely related to natural processes, something that today 

remains unknown and whose analysis is the objective of this essay.  

Throughout the twentieth century, this parallelism has become even more overwhelming, not 

only because of the enormous impulse of the development of physics, in which branches such 

as relativity, quantum physics or cosmology stand out, but also by the formal development of 

other areas of knowledge, such as physical chemistry, biology, neurology, etc., in such a way 

that information has become a central element of society.  

Several milestones have drastically changed our perception of what we define as information, 

such as the development of information theory, algorithmic information theory, and computer 

theory. Without deepening into history, the obtaining of conclusive results is due to Gödel by 

demonstrating the existence of undecidable propositions [2], through its two theorems of 

incompleteness that determine the limits of what is demonstrable. Later, Turing [3] reaches 

the same conclusion, replacing the formal language of conventional mathematics by what is 

known as the Turing machine (TM), in which a sequence of information is processed by formal 

axiomatic rules, and that is a paradigm of computer theory. In parallel, Kleene [4] and Church 

[5] respectively develop the theory of recursive functions and λ-calculus, the latter equivalent 

to the TM that gives rise to the thesis of Church-Turing. Apart from the subject of 

undecidability, these works have had very important consequences, as it is that any 

mathematical object can be represented by numbers subject to rules (Gödel numbering), as 

well as conclusively define the concept of algorithm, which until that moment responded more 

to an intuitive idea.  

But it is not until Shannon's contribution [6] that the concept of information is formally 

established, creating what is known as information theory (IT), being the bit the basic unit for 

information measurement, the entropy the metric of the information contained in a 

mathematical object, and that, consequently, allows to define any mathematical object as a 



sequence of bits. Later, as a result of the study of the complexity of the information, the 

algorithmic information theory arises (AIT), establishing a measure of the complexity of 

mathematical objects known as "Kolmogorov Complexity" [7].  

Nowadays the information process seems to us to be quite natural, not so much by the 

described progresses as by the intuitive vision that computation offers us. The truth is that 

until that moment mathematics was subject to concepts defined exclusively through formal 

language. However, the information process seems quite different, since it consists of the 

manipulation of a mathematical object by an algorithm apparently uncorrelated to the human 

intellect, which contrasts with the conventional point of view and which seems to be the 

essence of mathematics. However, both approaches are equivalent, as proposed by Church-

Turing's thesis [8], although this is currently considered an undecidable problem. 

One aspect of transcendental importance in computer theory and algorithmic information 

theory is that it provides new ways of addressing fundamental questions about the nature of 

information, mathematics and its relation to reality, for which we are going to go deeper In 

these theories in greater detail.  

Computing theory  

Computer theory is the basis on which computing technology, the formal study of languages 

and computational complexity are based, but it also brings a new vision of reality. In this sense, 

one of the most important results is the classification of problems into three categories: 

computable or decidable, semi-computable or recognizable and incomputable or undecidable, 

but also provides very suggestive results, as is the case of the replication theorem that 

establishes the need for two independent processes for its realization.  

The paradigm on which the theory of computation is based is the TM, on which there is an 

extensive bibliography [9], so we are going to make a brief description. The TM consists of a 

control unit and an infinite tape divided into cells. In each of them a symbol can be read or 

written from the control unit, by means of a head that can move on the tape and which 

constitutes an infinite memory.  

Formally, the TM is a mathematical object of 7-tuples �� � ��, Σ, Γ, �, �	, �
����, �������� 

where �, Σ, Γ are finite sets, such that:  

• � is the set of possible states of the control unit. 

• Σ  is the input alphabet. 

• Γ  is the alphabet of the tape, Σ � Γ.  

• �: � � Γ→� � Γ � ��, �� is the state transition function.  

• �	��  is the initial state of the control unit. 

• �
������  is the accept state.  

• ���������  is the reject state, �
���� � �������.  

Thus, for a state of the control unit and a symbol read from the tape by the head a new state is 

produced and a symbol is written on the tape, and then the head is moved to the right or left. 

The process continues until the acceptance or rejection state is reached, ending the execution 

in which case the TM is said to have reached the “halt state”. However, it may happen that the 

TM goes into a loop and continues to execute endlessly what produces what is defined as the 

“halting problem”.  

Alternative TM models have been defined, such as machines with multiple tapes, 

nondeterministic models or quantum models (QTM). However, all of them can be reduced to 

the original definition, being their only difference the possible effectiveness in the execution. 

By the TM definition itself, the set of possible TMs is an enumerable set, so that each TM can 

be associated with a natural number in one-to-one correspondence, or in other words, the 



cardinality of the TM set is that of the natural numbers. As a consequence, it is possible to 

construct a universal TM (UTM) that can behave as an arbitrary TM, for which the tape of the 

UTM will encode the definition of the TM to be simulated, in addition to the information to be 

processed by the TM. A UTM can be considered as the precursor idea of commercial 

computers, so that these are equivalent to a UTM, with the only difference that in this case the 

amount of memory and the time of execution are limited.  

A transcendental result obtained from the definition of the UTM is the verification of the 

existence of undecidable problems, that is to say problems that cannot be solved by any 

algorithm. Thus, for a given sequence of symbols to be processed by the UTM, it enters a loop 

in such a way that it never reaches the acceptance or rejection state and therefore never 

reaches the halt state (halting problem) [3]. This result is equivalent to that obtained by Gödel, 

which is not surprising, since in both cases the reasoning is based on the complexity of the real 

numbers. In the case of Gödel by a process called Gödel numbering and in the case of the TM 

through the diagonalization process devised by Cantor to determine the cardinality of the 

transfinite numbers. Intuitively this result is logical, since the set of TMs is enumerable and 

therefore the set of solvable problems will have the cardinality of the natural numbers, so that 

the number of unsolvable problems has a higher cardinality.  

Another important aspect of the TM is that it establishes an automatic procedure, according to 

the idea of Hilbert [4], to establish if a certain affirmation is a theorem and that consequently 

allows a consistent, complete and decidable formalization of mathematics. Obviously, the 

result obtained was not the expected, due to the existence of undecidable problems. It should 

be added that the TM does establish an axiomatic basis for the definition of processes, since 

the state transition function determines how the information is interpreted and processed. 

However, the TM will not produce an affirmative or rejection response for undecidable 

problems (halting problem). On the other hand, although it may seem in principle somewhat 

anecdotal, the TM process mechanisms contrast with computational processes based on 

conventional notations such as the λ-calculus, but both methods are equivalent and constitute 

a complete model of computation, which may allow revealing the nature of mathematics. 

Information theory  

The (IT) has its origin in the middle of the XX century as a consequence of an attempt to 

optimize communication systems, both in its capacity and in the protection of information 

against channel noise. A basic idea that illustrates how information can be treated in a 

quantitative way, compared to the intuitive perception that we can have of it, is to propose a 

guessing game in which we provide clues until we obtain enough information to reveal the 

correct answer. Thus, let us suppose that we must guess a word in which our opponent has 

thought and that he is sequentially discovering to us the letters that form that word. Imagine 

that the first letter is the "e", which in Spanish and English is the most common. In this case 

the information provided is very low, since the number of words beginning with this letter is 

high. On the contrary, if the letter is for example the "x" the amount of information provided is 

very high because it greatly reduces the search space. Imagine now a guessing game in which 

we ask questions whose answer is "yes" or "no". We can observe that this is the procedure of 

obtaining more elemental information and whose answer can be coded as {F, T} or {0,1}, and 

that we define as “bit”.  

Now suppose that the answer is not balanced, or what is the same, the probability that "0" or 

"1" are not the same, for example 40% of the answers is a "0" and 60% is a "1". In this case we 

will say that "0" provides more information than a "1". This reasoning leads to the definition of 

entropy of information [6] as � � � ∑ �  !"#$�� � , where �  is the probability of occurrence 

of the symbol i within the alphabet encoding the message, where H is the number of bits 



required to encode a symbol. Thus, in the case of the most elementary possible language, that 

is with two symbols {0, 1}, and with an identical probability of 0.5, the entropy is:  

� � �0,5 !"#$0,5 � 0,5 !"#$0,5 � 1()* 

In general, for a language with 2, symbols with equal probability 2-,, the entropy is:  

� � 2,.�2-, !"#$�2-,�/ � 0 ()*1 

If the message is composed of N symbols, 0 · 3 ()*1 bits will be required for encoding. In the 

event that the probabilities of each symbol are not equal, the entropy of the message will be 

smaller, since H is convex function. In this case, the message may be compressed, which allows 

optimizing the communications channel or the storage device. In establishing a mathematical 

model of communication, Shannon went much further by establishing three fundamental 

theorems [6]. The first two are related to the codification of the information source, proving 

that it can always be performed optimally. That is, using a number of bits equivalent to the 

entropy of the message and transmitted with a residual error less than ε. The third theorem 

relates to the physical capacity of the communication channel and establishes a link between 

information and energy, in what is known as Bekenstein bound, determining the average 

energy per bit needed to receive it correctly, given by the expression 45 6 7 · � · !02, where k 

is the Boltzmann constant and T is the absolute temperature of the receiver.  

It is important to note that, although the genesis of IT is in the need to solve the engineering 

problems of communication systems, this has meant a very profound scientific and 

philosophical revolution with implications in the other areas of knowledge. First, it states that 

information relating to a description of reality can be compressed or condensed up to a limit 

set by its entropy, although its own definition gives no clue how this can be performed in 

practice. This definitely consolidates the fact that any mathematical object can be represented 

by a sequence of bits. But perhaps the most shocking is that it makes clear that information 

has no meaning, in what is known as "information without meaning". Although at first sight it 

seems totally absurd, this fact is easy to understand.  

Imagine that by chance we find something that seems to us a message written in a totally 

unknown language. Immediately we would try to establish some relation with other known 

languages, so that the problem will be solved if we had a bilingual dictionary that connects the 

message with our own language. But imagine that the message is written in a language lost 

throughout the course of history and that no Rosetta stone is available. In this case, we 

assume that it is a message because it is a sequence of symbols, but we cannot go any further, 

In fact it could be a whim of nature or a child writing doodles. To make it clearer, imagine that 

the message is written in digital format as a sequence of zeros and ones. In this case, it is quite 

clear that the alleged message means absolutely nothing, unless we are provided clues to be 

able to describe it or, what is the same, we are provided with axiomatic rules that allow the 

information to acquire the category of message.  

This agrees with the contributions of Gödel or Turing, so that one can conclude that the 

foundation of mathematics and the information process is an axiomatic reality, which seems to 

contrast with our everyday perception of reality. An example that perfectly illustrates this 

situation is natural language. It is very common to assert that the definite should not be 

contained within the definition, which seems obvious, since otherwise a process of self-

referencing would take place without any consistent formal basis and would undoubtedly lead 

to paradoxical expressions [10]. But if we consult a lexical dictionary we can immediately 

observe a continuous self-referencing in the definitions, which shows a strong formal 

inconsistency. However, the modern school of cognitive linguistics [11] assumes that 

semantics and therefore the conceptual content of language has been somewhat established 

from sensory experiences unrelated to language itself, although this has not been reflected in 



the elaboration of lexical dictionaries. To do this it would be necessary to define part of the 

lexicon as axioms from which a particular language would be constructed, as it is done in the 

context of the theory of computation, in which the axioms are implicitly integrated into the 

specific TM that decides or recognizes the language [9].  

It should be considered that IT allows determining the amount of information contained in a 

message provided that the statistics of the symbols encoding the message are known a priori. 

But we can ask what happens when this statistic is not known or when we try to know the 

complexity of a specific mathematical object or, what is the same, the amount of information 

of an arbitrary sequence of bits. In this case, the concept of information entropy does not 

seem to be useful, which is evidenced by a simple example. Suppose we have a sequence of 

bits composed of the string "01" repeated 425 times, so that the sequence will consist of 950 

bits. Since the frequency of the values "0" and "1" is the same we will conclude that it cannot 

be compressed. However, the sentence "01 repeated 425 times", which is equivalent 

informatively speaking, can be expressed in 21 ASCII characters, i.e. 8x21 = 168 bits.  

This contradiction is solved by the concept of Kolmogorov complexity (KC) [7] in the context of 

algorithmic information theory, such that Kolmogorov complexity 8�9� of a finite object x is 

defined as the length of the shortest effective binary description of x. Where the term 

"effective description" connects the KC to the theory of computation, such that 8�9� would 

correspond to the length of the shortest program that prints x and enters the halt state. To be 

precise, the formal definition of 8�9� is: 

8�9� � min
, 

�8�)� = !���: � ��� � 9� = >�1� 

Where � ��� is the TM i that executes p and prints x, !��� is the length of p, and 8�)� is the 

complexity of � . Therefore, the object p is a compressed representation of the object x, 

relative to � , since it can be retrieved from p by a decoding process defined by � . Therefore, p 

is considered as the meaningful information of x, and the rest is considered meaningless 

information. The term >�1�indicates that 8�)�,  is a recursive function and in general not 

computable, although by its definition it is machine independent, and whose result has the 

same order of magnitude in each of the realizations. In this sense, Gödel’s incompleteness 

theorems, the Turing machine and Kolmogorov complexity lead to the same conclusion about 

undecidability and showing the existence of non-computable functions.  

The KC, like IT, shows that the information can be compressed, but does not establish any 

general procedure for its implementation, which is only possible for certain sequences. In fact, 

from the definition of KC it is shown that this is an intrinsic property of bit sequences and, in 

general, of mathematical objects, so that there are sequences that cannot be compressed, 

being their complexity:  

8�9� � 0 = >�?!"#$�0�@�,  

where n is the number of bits of the sequence and ?9@ the ceil function (ceil).  

Thus, the number of sequences of n bits that can be coded by m bits is less than 2
m

, so the 

fraction of sequences of n-bit with 8�9� A 0 � 7 is less than 2
-k

. If randomly generated n-bit 

sequences with a uniform probability in the generation of 0's and 1's are considered, each of 

them will have a probability of occurrence equal to 2
-n

, so the probability that the complexity 

of a sequence is 8�9� 6 0 � 7 is equal to or greater than 1 � 2-B. In short, most of the bit 

sequences cannot be compressed beyond their own size, showing a high complexity as they do 

not show any type of pattern. As a consequence, this means that most problems cannot be 

solved analytically, since they can only be represented by themselves and, as a consequence, 

cannot be described compactly by formal rules.  



It might be thought that the complexity of a sequence can be reduced at will by applying a 

coding criterion that modifies the sequence in another with less complexity. In general, this 

only increases the complexity, since in the calculation of the function 8�9� we would have to 

add the complexity of the coding algorithm that causes it to grow as n2
. Finally, to add that KC 

is applicable to any mathematical object, integers, sets, functions, and it is shown that as the 

complexity of the mathematical object grows, 8�9� is equivalent to the entropy H.  

 

Nature of information 

We can ask what is the nature of information; its relation to mathematics and to observable 

reality. For this we can analyze the essence of mathematical models from the KC point of view. 

Thus, for example, let us suppose the model of electromagnetism based on Maxwell's 

equations, which according to boundary conditions and the rules of mathematical calculus 

allow the solution of a given electromagnetic system to be obtained. Although in practice 

difficulties may be encountered in obtaining an analytical solution, they can generally be 

solved by means of numerical techniques with a certain degree of accuracy. This model can be 

represented abstractly by concatenating three mathematical objects C9DEF (bit sequences) 

that run on a Turing machine ��C9DEF� to determine the solution. The object z corresponds to 

the description of the boundary conditions of the system, y to the definition of Maxwell's 

equations and x to the formal definition of mathematical calculus. To visualize these objects, 

let us think, for example, that y can be simply the Unicode character representation of 

Maxwell's equations, although of course the succinct representation of C9DEF will be a 

measure of the complexity of the problem. This scenario is general and can be applied to any 

mathematical model, with the result that the problem is solvable or otherwise is undecidable, 

so that the Turing machine will never reach the halt state.  

The equivalence between formal mathematics, represented by analytic expressions, and the 

model based on the Turing machine can allow us to answer the classical question of whether 

mathematics is exclusively an abstract product of the human mind or is instead a reality in 

itself. Perhaps it is more convenient to propose the question in other terms in order to avoid 

an anthropic view: Exist mathematics independently of the intervention of humans? If we 

consider that the information process is something ubiquitous in nature and that in an abstract 

way is equivalent to the recursive processes supported by the Turing machine, the answer is 

categorically affirmative. This is demonstrated by all the physical processes that support 

computer technology, as well as molecular and biological processes [12] that give rise to 

organisms with cognitive abilities such as learning and interaction with the environment. In the 

case of humans the reasoning stands out, allowing establishing abstract models of reality. In 

short, all of them are nothing more than a condensed or compressed model of a certain 

observable reality, something that begins to be extendable to machines by means of artificial 

intelligence. 

At the present moment it is evident, above all as a consequence of the impact of computer 

technology, that nature supports the coding of information and the execution of recursive 

processes, so it can be said that nature is the real support of mathematics. If there is any 

doubt, let us think about how all mathematical knowledge is codified and processed by means 

of physical supports. But in turn, mathematics is capable of describing observable reality and 

proposing abstract models beyond that reality. From a classical point of view this is a product 

of human reasoning, but ultimately it is only a consequence of the information processing, 

which in the case of humans lies in the brain and is performed through neural networks. 

Conclusions 

In conclusion, it is possible to propose the hypothesis that reality and mathematics, both 

concepts in their broadest sense, are the same entity, and therefore, the information and 



axiomatic definition of its process must be the fundamental ingredients of reality, since these 

are the foundations of mathematics. The formal confirmation of this hypothesis requires a 

complete and formal model of reality that can be contrasted with the Turing machine, 

something that does not seem possible from observation and experimentation, especially 

since this model must cover undecidable realities and therefore not observable. Another way 

would be the refutation of the hypothesis finding some case in which the mathematics does 

not allow to describe reality. This would provoke a deep philosophical debate because, to the 

extent of knowledge, mathematics allows the description of reality, so the case of refutation 

would not exist. Moreover, mathematics can describe undecidable cases, which would 

correspond to cases of undecidable reality. In conclusion, this would confirm the thesis that 

mathematics and reality is the same thing, although as in the Church-Turing thesis is 

something undecidable.  

To reach this conclusion, the paradigm of the Turing machine has been used in which there are 

two fundamental elements, on the one hand, the axiomatic definition of the process that 

establishes the rules for interpreting and processing information and on the other the 

processed information. For this reason we must assume that the known universe is based on 

these two basic ingredients, which raises a fundamental question: Where do these ingredients 

emerge? Something to which mathematics does not seem to have an answer and of course neither 

does have the meta-mathematics, that is like "El Dorado": an undecidable myth.  

To pose this concept as constitutive of reality seems something completely absurd, since in our 

intuition reality must be something physical, material, tangible. This seemingly surprising fact 

is not such, if we consider that physics itself is giving us palpable signs that the underlying 

reality to the reality we perceive is something extremely subtle. What argument can we use 

against the information process as the basis of reality when we already have concepts such as 

the vacuum, which we refer to colloquially as the "emptiness", which in physical models is 

nothing more than a mathematical coordinate system and that surprisingly is the support of 

our universe! 

There is another aspect of special importance that we must consider, such as the fact that the 

mechanisms for interpreting information are of an axiomatic nature, so that a given model can 

be defined according to different sets of axioms, all of them equivalent and interchangeable, 

there being no set of privileged or absolute axioms. Intuitively this is easy to understand, so in 

the case of the definition of a formal language the words in the axiomatically defined lexicon 

set can be interchanged by others, provided that the resulting system is consistent. 

Finally, it must be emphasized that the establishment of the thesis has been made without 

specific arguments about the behavior of reality, except assuming that the known reality is 

coincident with mathematics. But as mathematics supports the realization of all decidable 

processes, it can be posed if reality of the known universe is a subset or reality can go much 

further, which opens a suggestive field for conjecture.  
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